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Abstract 
Light transfer in gradient-index media generally follows curved ray trajectories, which will cause light 
beam to converge or diverge during transfer and induce the rotation of polarization ellipse even when the 
medium is transparent. Furthermore, the combined process of scattering and transfer along curved ray path 
makes the problem more complex. In this paper, a Monte Carlo method is presented to simulate polarized 
radiative transfer in gradient-index media that only support planar ray trajectories. The ray equation is solved 
to the second order to address the effect induced by curved ray trajectories. Three types of test cases are 
presented to verify the performance of the method, which include transparent medium, Mie scattering 
medium with assumed gradient index distribution, and Rayleigh scattering with realistic atmosphere 
refractive index profile. It is demonstrated that the atmospheric refraction has significant effect for long 
distance polarized light transfer. 
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1. Introduction 
The refractive index of a material is dependent on its component concentration, temperature, pressure, 
density, etc. When the dependent properties are distributed inhomogeneously, the refractive index of the 
media will become a function of space. Examples of participating media with gradient refractive index 
distribution include the natural media such as earth’s (or other planets’) atmosphere, the ocean water, the hot 
air/gas of a flame, and artificial materials, such as gradient index lens, gradient index optical fiber, etc. 
Theory of radiative transfer in gradient-index media is fundamental to study the light transport in such media, 
and is of significant importance for the applications (or potential applications) in the fields of atmospheric 
remote sensing [1-4], atmospheric optics [5-9], and non-contact measurement of temperature distribution in 
flames [10-12], etc. 
In gradient-index media, light beam will generally travel along curved trajectories determined by 
Fermat’s principle [13-15]. The gradient index distribution will induce special effects in radiative transfer. 
The variation of refractive index along the ray trajectory will cause light beam to converge or diverge and 
hence influence the transport of radiative intensity. Furthermore, the curved ray trajectory will induce 
rotation of polarization ellipse as described by the Rytov’s field-vector rotation law [14]. Hence polarized 
radiative transfer in gradient-index media is much more complicated than in uniform-index media. The 
vector radiative transfer theory developed by Chandrasekhar [16] is the basis for analyzing polarized 
radiative transfer in media with uniform refractive index distribution. However, it is not appropriate for 
gradient-index media, since the aforementioned effects induced by the curved ray trajectory are not 
considered in the formulation. Up till now, there were very few works on polarized radiative transfer in 
gradient-index media. To our knowledge, Lau and Watson [17] were the first to present a derivation of the 
radiative transfer equation for polarized light transport in gradient-index media. Recently, Zhao et. al. [18] 
presented a new derivation and a more generalized form of the equation of polarized radiative transfer in 
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gradient-index media was given.  
Solution methods for polarized radiative transfer in uniform-index media have been studied for a long 
time, and many successful methods have been developed and used widely, such as Monte Carlo method 
[19-23], vector discrete ordinates method [24-26], adding-doubling method [27], etc. In recent years, scalar 
radiative transfer in gradient-index media has attracted the interest of many researchers, and many simulation 
methods were developed, such as curved raytracing method [28-30], Monte Carlo method [31, 32], finite 
volume method [33-35], finite element method [36-38], DRESOR method [39], to name a few. However, 
there are still very few works on the solution of polarized radiative transfer in gradient-index media, though 
there were some works on the polarized radiative transfer in multilayer medium, such as, the work of Garcia 
[40, 41]. Most recently, Ben et al. [42] presented a method to simulate polarized radiative transfer in 
gradient-index media, in which a multilayer slab model was used to approximate the gradient index 
distribution and then the traditional vector radiative transfer equation is solved by a MC method in each layer. 
This approximation is inappropriate when a light beam is launched in a direction parallel to the layer. As 
shown in Fig. 1, the actual ray path in gradient-index media should bend toward the gradient direction 
indicated by the ray equation [43] as illustrated in Fig. 1(a), whereas the multilayer model predicts a straight 
path perpendicular to the gradient direction as illustrated in Fig. 1(b).  
(a) (b)
 
FIG. 1. Illustration of ray path when a light beam transfers (a) in gradient-index 
medium, and (b) in a multilayer medium. 
 
In this work, a Monte Carlo (MC) method is presented to simulate polarized radiative transfer in 
gradient-index media. The ray equation is solved to the second order to address the effect induced by curved 
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ray path. The gradient-index media that support planar ray trajectories are considered for demonstration. 
Three types of test cases are presented to verify the performance of the presented MC method and for 
comparison with other models, which include a case with analytical solution, a case with Mie scattering and 
an assumed gradient index distribution, and a case concerning Rayleigh scattering with realistic atmosphere 
refractive index profile. 
 
2. Equation of polarized radiative transfer in gradient-index media 
A light beam with arbitrary polarization can be described by the Stokes parameters vector 
( , , , )TI Q U VI  [16, 44, 45]. Additional geometric effect exists when light transfer in gradient-index 
medium, the curved ray paths will cause the Stokes parameters changing during transport even when the 
medium is transparent. Generally, the governing equation of polarized radiative transfer in an absorbing, 
emitting and scattering gradient-index medium (GVRTE) can be written along the ray trajectory as [18] 
 2 2
4
d 1
( , ) ( , )d
d 4
e a bn s
s n


 
      
 

I
κ R I κ I Z Ω Ω I Ω                  (1) 
where s  is the coordinate along the ray trajectory, n is the refractive index, eκ  is the extinction matrix, 
aκ  is the emission matrix, bI  is the Stokes parameters vector of emission in the refractive medium, Z  is 
the scattering phase matrix and R  is a matrix accounting for the rotation of the polarization ellipse 
determined by the Rytov’s law [14] defined as 
0 0 0 0
0 0 2 0
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0 0 0 0


 
 
 
 
 
 
R                                (2) 
in which   stands for the torsion of the trajectory.  
If the gradient-index medium only supports ray trajectories being planar curves, then 0   and the 
GVRTE can be simplified as 
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There are two groups of media possess this property, such as the case that the refractive index distribution 
satisfies 0 0n t , where 0t  is a fixed vector and the case of radial gradient index distribution with 
spherical symmetry. For isotropic random media, the apparent extinction and absorption process should be 
polarization independent, then Eq. (3) can be further written as 
2
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where  , a  and   are the extinction coefficient, absorption coefficient and single scattering albedo, 
respectively, and ( , )Z Ω Ω  is the normalized scattering phase matrix satisfying 
11
4
( , )d = 4Z

  Ω Ω                               (5) 
Note that 11Z  is also the corresponding phase function for scalar radiative transfer. 
In this study, only the gradient-index media that support planar ray trajectories are considered. A curved 
ray tracing MC method is presented to simulate the transport of polarized photons in gradient-index medium 
described by Eq. (4). 
 
3. Monte Carlo simulation 
The Stokes parameters for quasi-monochromatic beam are given as [46] 
* *
* *
* *
* *
l l r r
l l r r
l r r l
l r r l
E E E E
I
E E E EQ
U E E E E
V
i E E E E
I                                 (6) 
where lE  and rE  denotes parallel and perpendicular components of electric field vector, respectively, i is 
the imaginary unit, and the angular brackets denotes time average over a long time compared to the period. 
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Here we choose the parallel direction vector p , perpendicular direction vector p  and the beam 
propagation direction vector  Ω p p  to form a left-hand reference frame as was used in Refs. [46, 47]. 
The local direction vectors p  and p  are defined as the direction being parallel and perpendicular to the 
meridian plane, which is defined based on the z-axis of the global coordinates system. The definitions of 
global coordinates system and the local direction vectors are shown in Fig. 2. The definition of the reference 
frame for polarization is also used for beam of arbitrary polarization. 
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FIG. 2. Geometry for the definition of polarization reference frame and definition 
of angles in scattering calculation. 
 
In the MC simulation, the state of a photon bundle is traced in the medium. For steady state polarized 
radiative transfer, a photon bundle carries both the power and the information of polarization. In the present 
approach, the power carried by a photon bundle is described by a weight variable W , and the polarization 
state is described by a Stokes parameters vector with 1I   as (1, , , )Q U VS , called the polarization 
state vector. The Stokes parameters vector of a photon bundle is then obtained as WI S . 
Due to moving, scattering and absorption, the properties of a photon bundle, such as location, 
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propagation direction, polarization state and weight will change when it transfers in the gradient-index media. 
In the following, the MC simulation of the transport process is presented. 
 
3.1. Moving in gradient-index medium 
The moving of photon bundle is traced in a global Cartesian coordinate system. In gradient-index media, 
photon travels in curved ray path determined by the ray equation [43]. 
 
d
d
n n
s
Ω                                  (7) 
The propagation direction vector can be calculated by definition as 
d
ds

r
Ω , where r  is the coordinates 
vector in a global Cartesian coordinate system. The key issue to move the photon bundle is to obtain the new 
global Cartesian coordinates r  after a moving of short distance s  along the ray trajectory. Using Taylor 
expansion along ray coordinates at initial location 0s , the new location ( )sr  in Cartesian coordinate 
system after a small propagation distance 0s s s    can be expressed as 
0 0
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To account for the curvature of ray path, Eq. (8) needs to be at least truncated to the second order. The first 
and second term in the expansion are readily known, where 0 0( )s r r  and 
0
0
d ( )
d s s
s
s 
 
  
r
Ω  stands for 
the location and propagation direction of the photon bundle before moving, respectively. To calculate the 
third term, the ray equation can be written as 
2
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As such, the third term can be determined from the ray equation and calculated in Cartesian coordinates 
system from 
    
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Note the relation d / ds  Ω  is used in the derivation.  
The new location of the photon bundle after moving a short distance s  can then be calculated based 
on Eq. (8) truncated to second order with the known quantities at the initial location, namely, location vector 
0r , propagation direction vector 0Ω  and the gradient of index  
0
ln n


r r
. It is noted that s  cannot be 
taken too long in order to assure good accuracy of curved ray tracing because of the truncated series 
approximation.  
The free traveling path length l  of a photon bundle can be determined in the same way as in 
traditional MC method for radiative transfer. Considering the extinction coefficient is homogeneous, the free 
traveling path length l  of the photon bundle can be simulated as [20, 48] 
1
ln ll R

                                    (11) 
where lR  is a random number of uniform distribution in [0,1] . After l  is determined, the photon bundle 
is then moved along the curved ray trajectory using Eq. (8) step by step until i
i
s l  , where is  is the 
tracing distance of each step. In the implementation, the tracing step size is fixed except for the final step to 
reach the free traveling path, where a tuned step size is used to make the total tracing distance exactly equal 
to l . 
 
3.2. Interaction: absorption, scattering and reflection 
Three kinds of interaction are considered here, namely, absorption and scattering in media, and 
reflection at interfaces. As indicated by the GVRTE, the Monte Carlo models for absorption and scattering of 
polarized light in uniform-index media should also apply for gradient-index media. There were a few works 
on Monte Carlo method for polarized radiative transfer, such as Refs. [19-22]. Though the basic principle is 
the same, there are a few variants in the detailed implementation of Monte Carlo methods [20]. In the 
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following, the implementation of present Monte Carlo simulation is presented.  
During the interaction with media, the power of a photon bundle (represent as a weight variable W ) 
will gradually be reduced due to absorption and finally be terminated when it is smaller than a given 
threshold. When interaction with media occurs, namely, the free traveling distance is reached, some portion 
of the power is absorbed and some portion is scattered. The absorbed power is calculated as (1 )W  and 
the new weight of the photon bundle is set as W W  . The tracing of the photon bundle will be 
terminated if power of the photon bundle is too small. 
If the weight W   is greater than the threshold, the photon bundle is then scattered. It is assumed that 
the photon bundle is scattered to a specific direction as a whole. The scattered direction and change of 
polarization state are two key issues in the simulation of scattering process, which are determined from the 
scattering phase matrix. By definition, the relation between the scattered Stokes parameters I  and the 
incident Stokes parameters vectors ( , , , )i i i i iI Q U VI  is 
( ) ( , ) ( )i I Ω Z Ω Ω I Ω                               (12) 
where Ω  and Ω  denotes the incident direction and scattering direction respectively. The phase matrix 
( , )Z Ω Ω  is usually expressed based on transformation of the scattering matrix P  as [16, 44] 
( , ) ( ) ( , ) ( )      Z Ω Ω P Ω Ω                         (13) 
in which the rotation matrix ( )  is defined as 
1 0 0 0
0 cos 2 sin 2 0
( )
0 sin 2 cos 2 0
0 0 0 1
 

 
 
 
 
 
 
 
                          (14) 
The definitions of angles for scattering calculation are shown in Fig. 2. 
The first step is to determine the scattered direction. It is convenient to use a new local coordinate 
system, with p  as the local x direction (direction vector ˆ xe ), Ω  as the local z direction (direction vector 
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ˆ
ze ), and the y direction (direction vector ˆ ye ) is determined to make x-y-z a right hand frame. In this local 
coordinate system, the scattered direction vector can thus be written as 
ˆ ˆ ˆˆˆ ˆˆ ˆsin cos sin sin cosx y z      Ω e e e                      (15) 
where ˆ  and ˆ  are the polar and azimuthal angle of Ω  defined based on ˆ ze  and ˆ xe  in this local 
coordinate system, and  
ˆ
z
e Ω , ˆ y OZP e n , ˆ ˆ ˆ =x y z OZP  e e e Ω n                    (16) 
in which OZPn  denotes the normal vector of the plane OZP  as shown in Fig. 2. Eq. (15) can be finally 
written as 
 
 
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 
 
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 
 
    
 
 
Ω                    (17) 
Note that a similar expressions of Ω  in the local coordinates was presented in Ref. [20]. From Eq. (17), the 
scattered direction can be calculated if a statistical model of ˆ  and ˆ  is built based on the scattering 
matrix P . Here the six element scattering matrix for spherical particle is considered, namely, 
1 2
2 5
3 4
4 6
0 0
0 0
(cos )
0 0
0 0
  
  
  
  
 
  
P                            (18) 
where cos  Ω Ω . Note that ˆ    in the local coordinate system, using the relations Eqs. (12), (13) 
and (18), the scattered intensity at direction ˆ ˆ( , ) Ω  can be calculated in the local coordinate system from 
 1 2ˆ ˆ ˆ ˆ( ) (cos ) (cos ) cos2 sin 2i i iI I Q U     Ω                  (19) 
Because the form of phase function is usually complicated, here rejection method is used to select the 
scattering directions that satisfy the probability distribution given by Eq. (19). A valid random scattering 
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direction is chosen only when 
max( ) /rR I I Ω , otherwise the direction is rejected, where rR  is a 
uniformly distributed random number in [0,1] . The maximum value of the scattered intensity maxI  is 
chosen as 
    max 1 2max maxi i iI I Q U                            (20) 
Note that the value  1max   and  2max   can be calculated beforehand. The uniformly distributed 
random directions used in the rejection method are defined by the local polar angle ˆ  and local azimuthal 
angle ˆ , which are generated from 
ˆ ˆ
ˆ ˆarccos(1 2 ), 2R R                               (21) 
where ˆR  and ˆR  are the uniformly distributed random number in [0,1] . 
The second step is to determine the polarization state of the scattered photon bundle. Based on Eqs. (12), 
(13) and (19), the polarization state vector of the scattered photon bundle S  can be calculated from 
/ IS S , where I  denotes the intensity component of S , defined as 
ˆˆ ˆ( ) (cos ) ( )g is    S P S                            (22) 
in which iS  is the polarization state vector of the incident photon, ˆ arccos( )OZP OPP   n n , and gs  is a 
sign variable defined as 
ˆ1, [0, ]
ˆ1, ( ,2 ]
gs
 
  

 
 
                                 (23) 
In the following, we consider the reflection at the diffuse reflective boundary and an interface between 
two media. When a photon bundle reaches a boundary or interface, it is considered to be reflected, 
transmitted or absorbed as a whole. At a Lambertian reflection boundary with reflectance  , the weight is 
modified as W W  , where W  is the weight just before reflection. The photon bundle is totally 
depolarized after the reflection, hence the polarization state vector is set as (1,0,0,0)S . The reflected 
directions are chosen randomly to satisfy Lambert’s law. The polar angle   and azimuthal angle   
defined in the local coordinate system (by taking the normal vector as the local z-direction) are chosen as 
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 arccos 1
2
R
R



 
 

                                   (24) 
where R  and R  are the uniformly distributed random number in [0,1] . 
When the photon bundle is incident from medium 1 with refractive index 1n  to medium 2 with 
refractive index 2n , the reflectivity fr  is calculated from (note this equation is obtained from the Muller 
matrix for reflection) 
   2 22 21( )
2
fr i p s p s ir r r r Q 
    
  
                       (25) 
where i  denotes the incident angle, /i i iQ Q I  is the second component of the incident polarization 
state vector iS , pr  and sr  are the amplitude reflectivity of the parallel and perpendicular polarization, 
respectively, and are calculated using Fresnel equations as [1] 
2 2 2
2 2 2
cos cos 1
cos cos 1
i i
p
i i
m m
r
m m
 
 
  

  
, 
2 2
2 2
cos cos 1
cos cos 1
i i
s
i i
m
r
m
 
 
  

  
              (26) 
where 2 1/m n n . The weight of the reflected photon bundle is set as ( )fr iW W    after reflection. A 
generated uniform distribution random number [0,1]frR   is used to determine if the reflection or 
transmission occurs, if ( )fr fr iR   , the photon bundle is determined to reflect and otherwise it is 
transmitted. The polarization state after reflection is calculated using the reflection Muller matrix ( )R iM  
as  
1
( )
( )
R i i
fr i

 
S M S                                 (27) 
where iS  denotes the incident polarization state vector, and RM  is defined as 
2 22 2
2 22 2
* *
* *
( ) / 2 ( ) / 2 0 0
( ) / 2 ( ) / 2 0 0( )
0 0 Re( ) Im( )
0 0 Im( ) Re( )
p s p s
p s p s
R i
p s p s
p s p s
r r r r
r r r r
r r r r
r r r r

  
 
 
   
 
 
  
M             (28) 
Note that a similar form of RM  was also presented in Ref. [49]. It is noted that Eq. (27) is used because the 
first component of the polarization state vector should always be unit by definition. 
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3.3. Photon detection and post-processing 
For steady state MC simulation, the weight of a photon bundle is considered to have dimension of 
power (watt). The amount of power received by a detector is calculated by the summation of all the weights 
of the photon bundles hit on the detector, 
rec src fP P D                                      (29) 
where srcP  denotes the power of the source, 
0
1
f k
k
D W
NW
   is a statistically calculated 
photon-distribution-factor by using the weight of detected photon bundles, kW  denotes the weight of the 
k-th detected photon bundle, 0W  is the initial weight of a photon bundle (assumed 0 1W   in the 
simulation), N  denotes the total number of photon bundles launched.  
For a detector with area A , the polarized flux density q  is obtained as 
src
f
P
A
q D                                    (30) 
where 
0
1
f k k
k
W
NW
 D S  is a statistically calculated vector photon-distribution-factor, kS  denotes the 
polarization state vector of the k-th detected photon bundle. For a radiance detector at direction Ω  with 
acceptance solid angle of   and projection area of A , the polarized radiance ( )I Ω  is calculated from 
( ) src f
P
A


I Ω D                                   (31) 
 
4. Results and discussion 
In order to verify the performance of the MC method presented above and to provide examples for 
comparison with other models, three types of cases are presented. The first is a case for polarized radiative 
transfer in a non-participating medium with linear gradient index distribution. Analytical results can be 
obtained for this case due to its simplicity. The second case considers a Mie scattering medium with 
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collimated beam irradiation. The third case is about sunlight irradiation in a Rayleigh scattering atmosphere 
with horizontal ray path, which is the path used in limb remote sensing. It will be demonstrated that gradient 
index distribution will significantly affect both the angular distribution of intensity and the polarization state. 
The importance of gradient index distribution in atmosphere on polarized light transport is illustrated. The 
simulation time was evaluated for the simulation of different cases using a computer with a 2.5GHz CPU. 
 
4.1. Case 1: non-participating slab with linear refractive index distribution 
To verify the presented method, polarized radiative transfer in a non-scattering and non-absorbing slab 
with gradient index distribution is considered. The refractive index distribution in the slab is given as 
( ) 1.2 0.6 /n z z H                                    (32) 
in which H  is the height of the slab. Because the medium is non-participating, the Stokes parameters will 
follow the generalized Clausius invariant for plane ray path [18], namely, 
2
d
0
ds n
 
 
 
I
                                   (33) 
Hence there will be 
2 2
1 1 2 2( ) / ( ) ( ) / ( )s n s s n sI I  for two points on the ray path 1s  and 2s . The Stokes 
parameters vector on the boundary will determine the intensity distribution along the whole path. As such, 
the angular distribution of I  can be obtained analytically. Since all the four component of I  follow the 
same law in this case, here only the results of radiative intensity are presented. 
There are two different conditions of ray path, a beam transfer along z-direction or the reverse. The 
beam will converge in the former condition and will diverge in the latter for the given refractive index 
distribution. Here light irradiation both from the top boundary ( z H ) and from the bottom boundary 
( 0z  ) are simulated. Figure 3 shows the simulated angular distributions of radiative intensity at different 
locations in the slab by the MC method, in which the horizontal axis is cos  ,   is the incident polar 
angle. The analytical results are also shown for comparison. In the MC simulations, 1107 photon bundles 
J. Quant. Spectros. Radiat. Transf., 2015, 152: 114–126 
 - 15 - 
were used. Since the mean free path will be infinity for non-participating medium, a small optical thickness 
is taken as an approximation, e.g., 0.001H   . Intensity detectors with infinite projection area were 
applied and only the photon bundles fell within a cone with solid angle of  = 0.01 were recorded.  
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(a)                                        (b)                       
Fig. 3. Angular distributions of radiative intensity at different locations in the 
gradient index slab, (a) beam irradiated from the top boundary, (b) beam irradiated 
from the bottom boundary. 
 
The results presented in Fig. 3(a) and 3(b) is for the case with a unit diffuse source ( ( ) 1I   ) 
irradiated from the top boundary and from the bottom boundary, respectively. From Fig. 3(a), it is seen that 
the radiative intensity decreases when the location approaches the bottom boundary, which is due to the 
decrease of refractive index as indicated by Eq. (33). It is also observed that there are some angular range in 
0   where the radiative intensity is non-zero for / 0.5z H   and 1.0. Since the diffuse source irradiates 
at 0  , this means some of the photons transport to the backward direction, which is attributed to total 
internal reflection. From Fig. 3(b), it is seen that the angular distribution range of radiative intensity 
converges with increasing z . In this case, the diffuse source is irradiated at 0z  , the beam will converge 
with the increase of refractive index and total internal reflection will not occur. Meanwhile, the magnitude of 
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radiative intensity increases. As seen from the figure, the results obtained by the MC method agree well with 
the analytical results within reasonable statistical errors. The location of discontinuities in the intensity 
distribution are accurately captured, and the beam converging and diverging effects caused by the gradient 
refractive index distribution are well predicted. 
 
4.2. Case 2: Mie scattering of collimated beam in a gradient-index medium 
In this case, the combined effects of absorbing, scattering and gradient index distribution are considered. 
The case is similar to the ‘L=13 problem’ of Garcia and Siewert [50], the difference is that the medium is 
considered to have a refractive index distribution given by Eq. (32). An oblique beam (oblique angle is 
cos 0.2c  , and / 2c  ) penetrates into a scattering medium as shown in Fig. 4.  
 
O
z
c
c
( , )c c c Ω
x
y
 
FIG. 4. Schematic of the oblique incident collimated beam irradiating into a layer 
of atmosphere. 
 
The irradiation flux density of the beam is  . The optical thickness based on the thickness of the 
medium H is 1.0, and the single scattering albedo is 0.99. The phase matrix is for Mie scattering at a 
wavelength of 0.951 m from a gamma distribution of particles with effective radius of 0.2 m, effective 
variance of 0.07, and refractive index n=1.44. The Legendre coefficients for the phase matrix were used in 
the scattering calculation, which were obtained by Evens and Stephen [27]. The lower boundary of the 
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atmosphere is diffuse reflection with  = 0.1. The emission of the atmosphere and the boundary are omitted.  
In order for validation, the original ‘L=13 problem’, namely, with a uniform refractive index distribution, 
is simulated first. The MC method is applied to obtain the angular distribution of Stokes parameters at plane 
 =0. Figure 5 shows the angular distribution of the four Stokes parameters obtained using the MC method 
at /z H =0.5. The results obtained by Garcia and Siewert [50] using the FN method and by using our 
previous developed spectral element method (SEM) [51] are also shown for comparison. In each of the MC 
simulation, 
83 10  photon bundles were launched. The simulation time is about one hour. All the four 
components of Stokes parameters obtained by the MC results agree well with the reference results, the 
relative error is less than 1% at most data points. 
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FIG. 5. Angular distribution of the four Stokes parameters for the ‘L=13 problem’ 
solved by different methods at location z/H =0.5. 
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Then the MC method is applied to the case of gradient index distribution. Figure 6(a), (b) and (c) shows 
the angular distribution of the four Stokes parameters obtained using the MC method at /z H = 0, 0.5 and 1, 
respectively. The Stokes parameters distribution obtained under uniform refractive index distribution solved 
by the FN method [50] are also shown for comparison. In each MC simulation for gradient-index media, 
85 10  photon bundles were launched. The simulation time is about 6 hour. It is observed that the gradient 
index distribution greatly affects the angular distribution of Stokes parameters. At /z H = 0 shown in Fig. 
6(a), the trends of angular distribution of Stokes parameters for uniform and gradient index distribution are 
similar, however, the magnitude are mostly enhanced except for the V  component at 0.35   .  
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(a) 
FIG. 6. Angular distribution of the four Stokes parameters for the case of gradient 
refractive index distribution solved by the MC method (MC-GIM) and for the case 
of uniform index distribution solved by the FN method (FN-UIM) at three different 
positions, (a) z/H =0, (b) z/H =0.5 and (c) z/H =1. 
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At the direction close to z-axis ( = 1  ), the enhancement is the smallest. This can be understood that 
the ray geometry is more close to straight line at these directions, hence the effect of gradient index 
distribution is the smallest. At /z H = 0.5 Fig. 6(b), the location of intensity peak at downward direction 
moves to bigger value of  , indicating the peak is shifted close to the z-axis direction. Furthermore, the 
width of the peaks become narrower. Both of these are attributed to the beam converging effect caused by 
gradient index distribution when the beam transfer along the direction where the refractive index gradually 
increases.  
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(b) 
FIG. 6. Continued 
At /z H = 1.0 Fig. 6(c), the effect of gradient index distribution turns to be more complex. The flatten 
peak in the downward direction under uniform index distribution becomes a narrower peak for the case of 
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gradient index distribution. The intensity distribution in the upward direction ( 0  ) caused by reflection at 
the bottom boundary is increased, which can be understood that the gradient index distribution induced 
converging effect enlarges the incident beam intensity. The gradient index distribution almost totally alters 
the angular distribution of the other three components of Stokes parameters at downward directions. It is 
difficult to interpret the phenomena since the combined processes of scattering and transfer along curved ray 
path is very complex. The effect of gradient index distribution on the angular distribution of polarization 
state in scattering media still needs to be studied further. 
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FIG. 6. Continued 
4.3. Case 3: Rayleigh scattering atmosphere with gradient index distribution 
In the previous two cases, an assumed refractive index distribution was used for demonstration. In this 
case, we consider a realistic refractive index distribution in the atmosphere. The 1976 version of U.S. 
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standard atmosphere model is used here, which is also a widely used atmosphere model in literatures. The 
standard atmosphere model defines the values for atmospheric temperature, density, pressure and other 
properties over a wide range of altitudes.  
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FIG. 7. (a) The profiles of temperature and pressure for the standard atmosphere, 
(b) The refractivity profile for the standard atmosphere calculated based on Eq. (34) 
for a wavelength of 0.6328 m. 
The profiles of temperature and pressure are two key parameters to estimate the refractive index 
J. Quant. Spectros. Radiat. Transf., 2015, 152: 114–126 
 - 22 - 
distribution, which are shown in Fig. 7(a) for the standard atmosphere. The refractivity of dry air is 
calculated based on Edlen’s semi-empirical law [6, 9, 52] as 
 6 8 210 776.2 4.36 10
P
N
T
                                  (34) 
where 1N n   is the refractivity,   is wave number (cm-1), P  is the pressure of dry air (kPa) and T  
is the air temperature (K). This model is considered to be valid for dry air at altitudes less than 100 km where 
the mixing ratio between oxygen and nitrogen is fixed and for wavelength from 0.2 to 2,000 m. The 
refractivity profile for the standard atmosphere calculated based on Eq. (34) for a wavelength of 0.6328 m 
is plotted in Fig. 7(b). A fitted formula for the refractivity is obtained (also shown in Fig. 7(b)) to ease the 
curved ray tracing in the MC simulation, which is in the form of exponential function and given as follows. 
6 2
fit 1 2 310 expN c c z c z                                   (35) 
where z is the altitude in kilometer, 1c = 5.62, 2c = 0.09, and 3c = 0.002. The refractive index is obtained 
as fit1n N  , and the gradient of refractive index distribution can be obtained analytically by using the 
fitted formula. 
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FIG. 8. The geometry of the problem studied in Case 3. A collimated beam is 
irradiated from left. Also shown are the ray paths traced using step size s = 
5103L and 1104L, where L is the width of the domain. 
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The geometry of the problem is shown in Fig. 8, a collimated light beam with unit radiative flux density 
is irradiated horizontally to atmosphere from left to right (in the x-direction). The height and width of the 
simulated region is H = 30 m and L = 40 km, respectively, and the dimension in perpendicular to the paper 
(y-direction) is assumed infinite. The curvature of the earth surface is neglected. Rayleigh scattering is 
considered with a single scattering albedo  = 0.99. The ground is assumed to be water with a refractive 
index 1.33. The radiative flux density of Stokes parameters along the boundaries are recorded. All the photon 
bundles moving out the simulation domain are terminated. A raytracing test was performed first in order for 
choosing an appropriate tracing step size. Figure 8 shows the ray paths traced using step size s = 5103L 
and 1104L. The test demonstrates that s = 5103L is sufficient to give accurate ray paths and used in the 
following simulations. Note that the rays bend toward the ground due to greater refractive index near the 
ground and reflected at the water surface.  
As for verification, we consider a case that the width of the simulation domain is only L = 30 m, in this 
case, the gradient of refractive index can be neglected due to the very short distance of ray path traced in the 
simulation domain. Hence the recorded polarized radiative flux density can be compared with the results 
obtained using polarized radiative transfer code for uniform refractive index media. The flux density 
distribution were recorded by two-dimensional detectors with detecting area of A = 1m. Figure 9(a) and (b) 
show the dimensionless polarized radiative flux density distribution along the right and top boundary, 
respectively, obtained using the MC method. The irradiated collimated beam has unit flux density and a 
polarization state vector (1,0.5,0.5,0.5) . The optical thickness based on the width of the simulation domain 
is 1.0. The results obtained using SEM [51] are also shown for reference. Along the right boundary, each of 
the four components of polarized radiative flux density has a peak at the middle location. Along the top 
boundary, only I and Q components polarized radiative flux density have a peak located close to the light 
source. The results of MC are shown to agree very well with the reference results. 
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FIG. 9. The dimensionless polarized radiative flux density distribution along 
different boundaries, (a) right, (b) top. The width of the simulation domain is L = 
30 m and the irradiated collimated beam has unit flux density and a polarization 
state vector of (1,0.5,0.5,0.5) . 
Now we consider the case with width L = 40km. When a ray transfers from the source to the right 
boundary, it will travel a much long distance. In this case, the gradient index distribution of atmosphere will 
have significant effect on radiative transfer as indicated by the ray path shown in Fig. 8. Figure 10 presents 
the simulated dimensionless polarized radiative flux density distribution along the right boundary at three 
J. Quant. Spectros. Radiat. Transf., 2015, 152: 114–126 
 - 25 - 
atmosphere optical thickness based on L, namely, 
L  =0.1, 0.5 and 1.0. The irradiated collimated beam is 
unpolarized with unit flux density. 
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FIG. 10. The dimensionless polarized radiative flux density distribution along the 
right boundary at three atmosphere optical thickness based on L, namely, L  = 0.1, 
0.5 and 1.0, (a) and (c) are the I and Q components for the gradient index 
atmosphere, (b) and (d) are the I and Q components for the uniform index 
atmosphere. The inset gives an enlarged view of the Q component flux density 
distribution. The error bars show the standard deviation of the Monte Carlo 
simulated results. 
 Figure 10 (a) and (c) gives the results of I and Q components, respectively. Figure 10 (b) and (d) gives 
the corresponding results obtained by assuming uniform index distribution for comparison. In the MC 
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simulations, 
81 10  photon bundles were launched. The error bars in Fig. 10 show the standard deviation of 
the MC simulated results, which were obtained based on 5 MC simulations. The standard deviations are on 
the order of 
-61 10 , which is too small and not shown for the plot of radiative intensity. The simulation 
time required for the case L = 0.1 was about 3 hours, and about 8 hours for L = 1.0. It is observed that 
there exists a height range, i.e. z < 10m, where the radiative flux density has a high value (as shown in Fig. 
10(a)), which is even higher than 3 times of the radiative flux density of the source, e.g. for L = 0.1. This is 
attributed to the ray bending toward the ground as shown in Fig. 8. Furthermore, due to the reflection at 
water surface, a sharp enhancement of radiative flux density is induced close to z = 7m. At z > 10m, nearly 
no direct photons can reach the detectors (shown in Fig. 8). Hence the detected photon flux is from the 
scattered photons. As shown in Fig. 10(a), the dimensionless radiative flux at this height range increases with 
optical thickness, this is due to the enhanced atmosphere scattering at big value of optical thickness. As for 
the uniform index case shown in Fig. 10(b), the radiative flux density distributions are nearly constant at 
different height location for different optical thickness and no enhancement are observed. For the Q 
component radiative flux density shown in Fig. 10(c), similar enhancement is observed at about z < 7.5m, 
where its magnitude has a big value. The magnitude increases with decrease of optical thickness. The Q 
component is an indication of linear polarization. It has a negative value, which indicates s-polarization. This 
is an indication of the polarization induced by water surface reflection. At z > 7.5m, Q component radiative 
flux density is positive and has a relative weak magnitude (on the order 10-5 to 10-4) as compared to that of z 
< 7.5m, the latter is negative and has magnitude (on the order 10-4 to 10-3) about an order greater than the 
former. Furthermore, as shown in the inset, the magnitude of Q component radiative flux density increases 
with the increase of optical thickness. This is an indication of scattering enhancement. As for the uniform 
index case shown in Fig. 10(d), the Q component radiative flux density is positive at different height location 
for different optical thickness, and the magnitude is on the order 10-5 to 10-4. With the increase of optical 
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thickness, the magnitude of Q component radiative flux density increases, indicating the polarization induced 
by scattering process. By comparison, it is shown that the gradient index distribution in atmosphere will have 
significant effect on polarized light transport, especially for long distance transfer. It can enhance both the 
detected radiative flux density and the degree of polarization under certain configurations, e.g., the case 
studied here. 
 
5. Conclusions 
A Monte Carlo method is presented to simulate polarized radiative transfer in gradient-index media, 
which is demonstrated to be effective to solve polarized radiative transfer problems. The gradient index 
distribution will make light beam converge or diverge during transfer and induce rotation of polarization 
ellipse. Furthermore, totally internal reflection may happen for some incident direction. These effects 
significantly influence the angular distribution of Stokes parameters, even totally alter the angular 
distribution. As such, omitting gradient index distribution should be taken very carefully. 
The combined process of scattering and transfer along curved ray path is very complex, which makes it 
difficult to interpret the results. For atmosphere with realistic refractive index distribution, it is shown that 
the gradient index distribution plays an important role for long distance polarized light transport. The 
gradient index distribution can enhance both the detected radiative flux density and the degree of polarization. 
Further study on the effect of gradient index distribution on polarized radiative transfer in scattering media, 
developing more efficient and accurate solution methods, and application of the theory to engineering 
problems are very appealing. 
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